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Energy-Dissipating Composite Members with Progressive
Failure: Concept Development and Analytical Modeling

D. Stefan Dancila¤ and Erian A. Armanios†

Georgia Institute of Technology, Atlanta, Georgia 30332

A new concept for tailored, one-dimensional tensile composite members with sequential, progressive failure and
yield-type response is presented. The concept is developed as a solution to a constrained arresting problem. Flexible
composites, obtained by reinforcing an elastomeric matrix material with high-performance elastic � bers, are used
to create a structure with redundant load paths and progressive failure. Three analyticalmodels are developed for
the prediction of response under stroke-controlled loading.The response of the tailored con� guration is compared
with thatof conventionalmembers of identical length, total cross-sectional area, and material properties. Analytical
results con� rm the predicted progressive failure sequence and yield-type response, as well as the increased energy-
dissipation capability.

Nomenclature
A = cross-sectionalarea
a = acceleration
b = width
C = integration constants
E = normal elastic modulus
F = logical constant False; nondimensional force
K = overall equivalent spring stiffness
k = equivalent spring stiffness
L = overall length
l = segment length; connector length
m = mass
N = axial load
n = number of sublinks
P = tip axial load; permutation set
p = primary
q = shear lag parameter
S = Boolean vector
s = secondary;Boolean vector
T = logical constant True
t = thickness; terminal; time
u = displacement
V = velocity
x = Cartesian coordinate
¯ = material constant; length ratio
° = thickness ratio
± = displacement; arrest distance
" = strain
¸ = length ratio
¹ = shear modulus
º = amplitude parameter
» = nondimensionaldisplacement
¾ = stress
¿ = shear stress
Á = failure-order permutation

Subscripts

c = connector
f = failure
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p = primary; numerical index
q = numerical index
s = secondary

Superscripts

c = connector
p = primary
s = secondary
t = terminal
u = ultimate
* = subdivided con� guration

Introduction

C OMPOSITE materials play an increasingly important role in
structural applications. A large volume of published research

work has established their potential as more than just lighter substi-
tutes to conventional materials. Although representing a challenge
for analysis, the anisotropicnature of compositematerial properties
allows additional degrees of freedom for design. Tailoring of struc-
tural propertiesmakes it possible to induce deformationmodes that
result in improved performance. An additional bene� t, explored in
the presentwork, is the ability to induce failure modes that result in
improved energy dissipation as well.

For aerospacestructuressubjectedto crash loading, it is generally
accepted that the main design goal becomes that of crew/payload
protection, typically represented by deceleration levels lower than
maximal tolerable values and the preservation of a minimal
crew/payloadcritical volume. Under such circumstances,structural
integrity ceases to be a goal and may be dif� cult, or even impossi-
ble, to preserve.Structural failure modes that enhancecrew/payload
protection are considered desirable, and the design for and incor-
poration of such modes constitutes the object of crashworthiness
efforts.

Although it is recognized that an optimal response to crashwor-
thiness requirements is associated with a yield-type structural re-
sponse, composite materials are generally characterized by a brit-
tle behavior and, consequently, tend to dissipate less energy than
their metallic counterparts. It is, therefore, desirable to increase the
energy-dissipation capacity of composite materials. Crashworthi-
ness research efforts have addressed this problem, and a number
of composite structural concepts involving compressively loaded
structures that crush under impulsive loading have been proposed
and investigated.1¡7 Hamada and Ramakrishna1 and Mamalis et al.2

have investigatedthe compressivefailureof composite tubularstruc-
tures, whereas Knack and Vizzini3 have focused their investigation
on the energy absorbingcapabilitiesof conicalcomposite structures
subject to off-axis loading. Jackson et al.4 have investigated scal-
ing laws applicable for energy absorption in composite plates, and
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Goldsmith and Sackman5 have analyzedenergy absorption in sand-
wich plates. The response of composite sine webs has been investi-
gated by Hanagud et al.6 with emphasis on the effect of a chamfer in
the sinewebson theprogressionof failureand theenergy-dissipation
capacity of the structure. The energy-dissipatingcapacity of a sub-
� oor beam structure has been investigated by Farley.7 However,
no investigations of the energy absorbing capabilities of compos-
ite structures subject to tensile loading have been reported in the
literature.

With the goal of payload/crew protectionin mind, it should, how-
ever, be recognizedthat the crew/payload support structuredoes not
necessarilyhave to be subject to compressive loadingas well. If, for
example, one would conceive a support system in which ligament-
type composite members are used to suspend the payload, such
ligamentswould be subject to tensile loading in the event of vertical
crash impact, considered a representative condition for crashwor-
thiness assessment.Motivatedby this observation,the presentwork
investigates the feasibility of composite members with yield-type
response under tensile loading. A tailored composite material con-
� gurationis proposedandevaluatedand is shownto be characterized
by such a response,accomplishedthrough the use of an elastomeric
matrix, an internal redistribution of load, and a progressive failure
of redundant load paths. The successful experimental validation of
this tailoringconceptand comparisonwith the analyticallymodeled
response presented are the subject of a subsequent publication.

Development of Tailoring Concept
Consider a straight structural member with one end � xed and the

opposite end arresting a moving body with mass m and velocity
V , as shown in Fig. 1. It is required to arrest the body within con-
straints imposed on the deceleration level a, 0 · a · amax, and on
the distance ± over which the arrest is performed, 0 · ± · ±max. As
the member applies a restraint force to the moving body, kinetic en-
ergy is transformed into strain energy. If the member has an elastic
response and preserves its integrity, at the point where the mov-
ing body is arrested the entire amount of kinetic energy has been
converted into strain energy. Subsequently, under ideal conditions,
if the strain energy is allowed to convert back into kinetic energy,
the net effect is simply a reversal of direction for V . If, however,
the structuralmember fails in the loadingprocess, the kinetic energy
convertedup to that point into strain energybecomesunrecoverable,
and the net effect is a reduction in the kinetic energy of the moving
body. Ideally, should the failure of the structural member occur at
the point where the body has zero velocity, a complete arrest could
be achieved.

Figure 2 qualitatively illustrates the tip load P vs tip displace-
ment ± linear responseof a compositemember for three cases. Also
shown in Fig. 2 are the constraints of the problem, ± D ±max and
P D Pmax D mamax , and the area delimited by the constraints cor-
responds to the maximum amount of kinetic energy that can be
converted while remaining within the bounds of the constraints.
The curve labeled 1 corresponds to the case of a stiff member, for
which the maximum acceleration constraint is met � rst. The curve

Fig. 1 Arrest using a structural member.

Fig. 2 Tip load vs displacement for a linear-response member.

Fig. 3 Yield-type structural response.

Fig. 4 Comparison of response for � ber vs � ber bundle.

labeled 2 correspondsto the case of a compliantmember, for which
the maximum displacementconstraint is met � rst. Finally, the curve
labeled 3 corresponds to the case where both constraints are met si-
multaneously. The amount of kinetic energy converted into strain
energy of the composite member is largest in case 3. However, this
value only represents 50% of the maximum attainable within the
constraints.

A desirable response could be obtained by the use of a structural
member with a nonlinear,yield-type,response.This response,qual-
itatively shown in Fig. 3, could be achieved by using a bundle of
unidirectional� bers. The load-displacementcurve for typical � bers
is linear up to the point of failure.For an ideal bundle of equal length
� bers connected at their ends, the load-displacement curve is also
linear, with all � bers failing simultaneously.If, however, the bundle
contains � bers with lengths tailored such that they have a uniform
distribution over a speci� ed length interval, there will be an offset
between the points where individual� bers start carrying load. If, for
example, the extreme length differencebetween � bers is larger than
the ultimate � ber extension, failure of the shortest � ber will occur
before the longest � ber starts carrying load.

The response of a tailored-length bundle is qualitatively shown
in Fig. 4, where the superimposed triangles represent load-
displacementcurves of individual� bers,whereas the higher, jagged
curve represents the load-displacement for the bundle, obtained
as a summation of individual contributions of � bers. This load-
displacement curve starts resembling the yield-type response iden-
ti� ed as a desirable solution for the arrestingproblem. To ensure the
dimensional stability of the � ber bundle and provide protectionand
load transfer,a bonding matrix material is needed. If a brittle matrix
material such as epoxy is used, the tailored bundle of � bers will
loose the desirable progressive failure response because all � bers
will be loaded simultaneously. Moreover, in unidirectional brittle
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matrix composites loaded along the � bers, the adjacent failure of a
small number of � bers may trigger overall failure of the entire cross
section. However, the use of an elastomeric material as a matrix for
the bundle will preserve the � bers axial stiffness and strength while
achieving a target level of bending compliance due to the reduced
elastic moduli of the elastomeric matrix. This bending compliance
characteristic is essential to the development of the technical solu-
tion proposed in the present work.

Consider the composite link, shown in Fig. 5, made of two seg-
ments of unequal length and connected at their ends. The two seg-
ments, referred to as primary and secondary, are made of the same
material with modulus of elasticity E11 along their length direction.
Their lengths, thickness, and cross-sectional areas are denoted by
l p and ls , tp and ts , and Ap and As , respectively.Subscripts p and s
denote primary and secondary quantities, respectively.

The following geometric choices are made for primary and sec-
ondary segments having the same width b:

tpb D Ap < As D tsb (1)

When the � ber ultimate strain is denotedby "u
f , it is assumed that

.ls ¡ l p/ > 2l p"u
f ; .ls ¡ l p/ > l p"u

f C ls"
u
f .Ap=As/ (2)

an assumptionthat serves to ensure thenonoverlappingof individual
response curves in the development that follows, thereby allowing
the bene� ts of the tailoring concept to become more apparent.

The lengths of the connector region lc are assumed to be small:

lc ¿ l p (3)

The assumptions in Eqs. (2) and (3) are introduced for convenience
at this stage of the development and will be relaxed later.

An axial stretching applied to the link connectors in Fig. 5
through applied load P leads to the load-displacement response
shown schematically in Fig. 6. Because of the assumed difference
in length between the two segments and their bending � exibility,
an initial stage consists of load being developed solely by the pri-
mary segment.The load increasesup to the point where the primary
segment fails, at displacement ±1 D l p"u

f and load P1 D Ap E11"u
f .

On failure of the primary segment, the load drops to 0, maintaining
this value up to ±2 D .ls ¡ l p/, where the secondary segment starts
being stretched. Subsequently, the load increases up to the failure
point of the secondary segment, which occurs at ±3 D ls ¡ l p C ls"

u
f

and P3 D As E11"u
f . Based on the choices in Eq. (1), it follows that

P3 > P1. The combined area under the two triangles in Fig. 6 rep-
resents the work of an external force P required to produce the
complete failure of the link.

Fig. 5 Composite link.

Fig. 6 Response of a composite link.

Fig. 7 Subdivided link.

Fig. 8 Load vs displacement response of subdivided link.

If the link is subdividedin two equal sublinksby the introduction
of an additionalmiddle connector,as shown in Fig. 7, an increase in
the area under the load-displacementcurve will result, as depicted
in Fig. 8. Load will be developed � rst by series connection of the
two primarysegments.At P¤

1 D A p E11"u
f and ±¤

1 D l p"u
f , the primary

segmentsare expectedto fail.From the standpointof an idealmodel,
the two segments should fail simultaneously. However, due to the
statistical nature of failure loads, small differences can be assumed
to exist, and one of the segments will fail � rst, causing the load in
the member to drop to 0. On subsequent stretching being applied,
at ±¤

2 D .ls ¡ l p/=2 the system will start loading again. Based on
Eq. (2), ±¤

2 > ±¤
1 . At this stage, the load path consists of the series

combination of the remaining primary segment on one link and the
secondary segment on the other link.

As a consequence of Eq. (1), the failure load of secondary
segments is higher than that of primary ones. In a chaining
of primary and secondary segments, the primary ones repre-
sent the weaker link. The failure of the remaining primary seg-
ment will occur at load P¤

3 D P¤
1 D Ap E11"u

f and displacement
±¤

3 D .ls ¡ l p/=2 C [ l p C ls.Ap=As /]"u
f =2, at which stage the load

reduces to 0 again. Finally, continuing the stretching of the sys-
tem, at ±¤

4 D .ls ¡ l p/ the series combination of secondary seg-
ments starts loading. Failure of one secondary segment occurs
at ±¤

5 D .ls ¡ l p/ C ls"
u
f and P¤

5 D As E11"
u
f . Based on Eq. (1),

P¤
5 > P¤

1 D P¤
3 .

The combined area under the three triangles in Fig. 8 represents
the work of an external force P required to produce the complete
failureof the link. When Figs. 6 and 8 are compared, the � rst and the
third triangles are identical, whereas the middle one represents the
bene� t of the additional connector. This associated increase in en-
ergy dissipation is key to the developmentof the tailored composite
concept.

Analytical Model
The single and double links shown in Figs. 5 and 7, respectively,

could be extended to n sublinks as shown in the axonometric view
of Fig. 9 for a tailored member with n D 5. With reference to the
composite link in Fig. 5, the equations of the midplane surfaces for
the primary and secondary layers are given by

0 · x1 · L ; 0 · x2 · b; x3p D ¡.ts=2/

x3s D

8
>>>>>><

>>>>>>:

tp

2
; i.lc C l p/ · x1 · i.lc C l p/ C lc; i D 0; n

º
1 C cosf.2¼=l p/[x1 ¡ lc ¡ .l p=2/ ¡ i.lc C l p/]g

2

i.lc C l p/ C lc · x1 · .i C 1/.lc C l p/ C lc

i D 0; .n ¡ 1/ (4)
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Fig. 9 Axonometric representation of a tailored composite member
with n = 5.

The primaryandsecondarylayersaremadeof unidirectional� exible
composite material reinforced with continuous � bers oriented in
the Ox1x3 plane of a Cartesian reference system Ox1x2x3. Each
link contains two subdomains, a connector domain and a segment
domain. The connector domain, with a length lc, has primary and
secondary layers running parallel and bonded along the common
interface. The segment domain, of length l p , is characterized by a
primarylayer that remains� at,whereas the secondarylayerassumes
a haversine-typeshape, as shown in Fig. 5.

The combined thickness of the composite member t is given by

t D t p C ts

and the overall length L is related to the other model parameters by

L D .n C 1/lc C nlp

The secondary layer assumes a haversine-type shape. Its length
can be computed as

ls D
Z l p C lc

lc

s

1 C º2¼ 2

l2
p

sin2

µ
2¼

l p

³
x1 ¡ lc ¡

l p

2

´¶
dx1 (5)

and if ls is a prescribedparameter, Eq. (5) can be used to determine
the value of the amplitude parameter º.

Constitutive Equations for Flexible Composites
Flexiblecompositesarede� ned in thispaperasmaterialsobtained

by reinforcing an elastomeric matrix with long, parallel, elastic
� bers.Based on whether the mechanicalresponseof the elastomeric
material is elastic or viscoelastic, the resultant � exible composite
will have elastic, time-independentor viscoelastic, time-dependent
properties.

The mechanicalpropertiesof � ber reinforcedmaterialshavebeen
presented in the early works of Hashin and Rosen8 and Hill9 for the
case of elastic constituent properties and circular � ber cross sec-
tion. By the utilization of the correspondence principle, Hashin10

and Schapery11 later proposed extensions for the case of viscoelas-
tic matrix. Zhao and Weng12 have obtained the constitutive equa-
tions of a composite material consisting of an elastic matrix re-
inforced with aligned or randomly oriented elliptic cylinders. Li
and Weng13 extended the analysis to the case of viscoelasticmatrix
and elastic elliptic cylinders, also by utilizing the correspondence
principle.

The assumed elliptical cross section of the � bers is intended to
model the case where the reinforcementphase of the compositema-
terial is in the form of ribbons. This model is adopted in the present
work.The constitutiveequationswere obtainedbyusingEshelby’s14

solution for an ellipsoidal inclusion and the Mori–Tanaka15 mean-
� eld theory. The results of this approach were veri� ed in Ref. 13,
for the limiting case of circular � bers, against the early results of
Refs. 8 and 9 and were found to be accurate.

The constitutive equations for � exible composites are provided
in Refs. 12 and 13 and could be evaluated for a wide range of
material properties.However, for the particular range of constituent
properties typical of � exible composites, some general conclusions
can be drawn with respect to the two effective properties of interest

for the present work: the longitudinalYoung’s modulus E11 and the
longitudinal shear modulus ¹12 .

LongitudinalYoung’s Modulus E11
Numerical values of the constitutive equations of Refs. 12 and

13 evaluated for a typical � exible composite made of an E-glass-
� ber/Sylgard 184 silicone system show that the response of the
composite material to axial normal loading is practically rate in-
dependent, linearly elastic, and governed by the rule of mixtures
for both elastic and viscoelasticmatrix. Consequently, the response
of the material to longitudinal axial loading is approximated in the
remainder of this work by a simple linearly elastic model.

LongitudinalShear Modulus ¹12
By contrast, the effective longitudinal shear modulus is not gov-

ernedby the ruleof mixtures.Its variationwith � ber volume fraction
is strongly nonlinear. For the range of constituent elastic properties
of interest to the present work, ¹12 remains on the order of ¹matrix

for � ber volume fractions up to 0.6 and starts increasing rapidly
for higher volume fractions.15 For the case of a viscoelastic ma-
trix, the response can be obtained from the elastic one by using the
correspondenceprinciple.

Analysis of Connector Load Transfer
Two aspectsof particularrelevancefor the modelingof load trans-

fer from one link to adjacentones througha connectorare addressed
for each connector load con� guration: the interfacial shear stress
distributionand the equivalent connector spring stiffness.When the
tailored composite con� guration shown in Figs. 5 and 9 and its as-
sociated failure sequence are considered, it can be recognized that,
dependingon the failure stage of adjacent links, a connector can be
subject to � ve loading con� gurations.

The primary–primary (P–P) loading con� guration, shown in
Fig. 10a, corresponds to the case where neither one of the adja-
cent links experienced a failure of their respective primary seg-
ments. Consequently, the connector is subject to loading applied
through primary segments at both ends. The thick horizontal lines
in Fig. 10a representunbondedinterfacesbetween primary and sec-
ondary segments in the regions extending beyond connector ends.
The primary–secondary (P–S) loading, shown in Fig. 10b, corre-
sponds to the case where one of the adjacent links did experience
a failure of its primary segment. The connector is subject to load-
ing applied through the primary segments at one end and through
the secondary segment at the other end. The secondary–secondary
(S–S) loading, shown in Fig. 10c, correspondsto the stage at which
both adjacent links experienceda failure of their respectiveprimary
segments.Consequently,the connector is subject to loadingapplied
through secondary segments at both ends. The terminal–primary
(T–P) loading, shown in Fig. 10d, corresponds to an end connector
subject to loading applied through the adjacent primary segment.
Finally, the terminal–secondary (T–S) loading, shown in Fig. 10e,
corresponds to an end connector subject to loading applied through
the adjacent secondary segment.

The stress and strain distributions in a connector subject to the
loading con� gurations in Fig. 10 are obtained using a shear lag
model.

Connector Stress Analysis
Consider an in� nitesimal connector element of length dx1 , as

shown in Fig. 11, where u p and us represent the midplane displace-
ments of the primary and secondary layers, respectively.Denoting
the normal stress components in the x1 direction in the primary and
secondary layers by ¾p and ¾s , respectively, one can write

¾s D E11
dus

dx1
; ¾p D E11

du p

dx1
(6)

The interfacial shear stress component ¿ can be computed as

¿ D ¹12
2.us ¡ u p/

.ts C t p/
(7)
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a) P–P connector loading con� guration

b) P–S connector loading con� guration

c) S–S connector loading con� guration

d) T–P connector loading con� guration

e) T–S connector loading con� guration

Fig. 10 Connector loading con� gurations.

Table 1 Basic con� guration
parameter values

Property Value

E11 58.01 GPa
¹12 5.24 MPa
"u

f 0.04
n 10
tp 1.524£ 10¡4 m
ts 3.048£ 10¡4 m
lp 38.1£ 10¡3 m
ls 45.7£ 10¡3 m
lc 38.1£ 10¡3 m
b 25.4£ 10¡3 m

Fig. 11 Connector in� nitesimal element.

The equilibriumequationsfor the two in� nitesimallayerelements
become

E11ts
d2us

dx2
1

¡ 2¹12
.us ¡ u p/

.ts C t p/
D 0

E11tp
d2u p

dx2
1

C 2¹12
.us ¡ u p/

.ts C tp/
D 0

for which the general solution can be expressed as

us.x1/ D [1=2q.tp C ts /]
©
.C3 ¡ C4/e¡qx1 .e2qx1 ¡ 1/tp

C q
£
2ts.C1 C C3x1/ C t p

¡
2C2 C C1e¡qx1 ¡ C2e¡qx1

C C1eqx1 ¡ C2e
qx1 C 2C4x1

¢¤ª

u p.x1/ D [1=2q.tp C ts /]
©
¡.C3 ¡ C4/e¡qx1 .e2qx1 ¡ 1/ts

C q
£
2tp.C2 C C4x1/ C ts

¡
2C1 ¡ C1e¡qx1 C C2e¡qx1

¡ C1eqx1 C C2e
qx1 C 2C3x1

¢¤ª
(8)

where

q D
p

2¹12=E11t pts (9)

The integration constants C1, C2 , C3, and C4 are determined from
the imposed boundary conditions correspondingto the � ve loading
con� gurations. The shear stress distribution is obtained by using
Eqs. (7–9), and theequivalentconnectorspringstiffnessis computed
as the ratio of applied load to overall extension.

The shear stress values are normalized with respect to an equiva-
lent average shear stress ¿ D Nx1 =blc , where Nx1 represents the total
axial force applied. The coordinate x1 is normalized with respect to
lc. The shear stress distribution and equivalent spring stiffness for
the � ve loading con� gurations shown in Fig. 10 are given by



DANCILA AND ARMANIOS 2101

¿ pp
c .x1/ D ¡¹12

2 exp[q.lc ¡ 2x1/=2][exp.2qx1/ ¡ 1]Nx1

b[1 C exp.qlc/]E11qt p.tp C ts/
; k pp

c D
b.1 C eqlc /E11qtp.tp C ts/

.1 C eqlc /lcqtp C 2.¡1 C eqlc /ts

¿ ps
c .x1/ D ¡¹12

2 exp[q.lc ¡ 2x1/=2]..f1 C exp[q.lc C 2x1/]gtp C [exp.qlc/ C exp.2qx1/]ts //Nx1

b[¡1 C exp.2qlc/]E11qtpts.tp C ts/

k ps
c D

b.¡1 C e2qlc /E11qtpts.tp C ts /£
.1 C e2qlc /t 2

p C .4eqlc C .¡1 C e2qlc /lcq/t pts C .1 C e2qlc /t 2
s

¤ ; ¿ ss
c .x1/ D ¹12

2 exp[q.lc ¡ 2x1/=2][exp.2qx1/ ¡ 1]Nx1

b[1 C exp.qlc/]E11qtp.tp C ts/

kss
c D

b.1 C eqlc /E11qts .tp C ts /

.1 C eqlc /lcqts C 2.¡1 C eqlc /tp
; ¿ tp

c .x1/ D ¡¹12
2 exp[q.lc ¡ 2x1/=2]fexp[q.lc C 2x1/] ¡ 1gNx1

b[1 C exp.2qlc/]E11qtp.tp C ts/

k t p
c D

b.1 C e2qlc /E11qtp.tp C ts/

.1 C e2qlc /lcqtp C .¡1 C e2qlc /ts
; ¿ ts

c .x1/ D ¹12
2 exp[q.lc ¡ 2x1/=2]fexp[q.lc C 2x1/] ¡ 1gNx1

b[1 C exp.2qlc/]E11qts .tp C ts /

kt s
c D

b.1 C e2qlc /E11qts .tp C ts/

.1 C e2qlc /lcqts C .¡1 C e2qlc /tp
(10)

A comparison of connector interfacial shear stress distributions for
the � ve loading con� guration is provided in Ref. 16. For illustra-
tion purposes, a connector con� guration is assumed, characterized
by the parameter values listed in Table 1. Numerical values for the
equivalent spring stiffness for all � ve connector loading con� gu-
rations, normalized by equivalent connector stiffness k D E11bt=lc,
are provided in Table 2.

Althoughtheanalysiswas performedfor theelasticresponsecase,
the extension to viscoelastic response by using the correspondence
principle is straightforward.

Failure Prediction
The stress and strain distributions in the primary, secondary, and

connectorsegments are the basis for predictingthe tailoredprogres-
sion of failure.With respect to the primary and secondarysegments,
a tensile load applied at the ends of the tailored composite structure
is transmitted to each composite link and results in a normal stress
loading of the active segment, given by

¾p D Nx1

¯
btp (11)

if the primary segment did not fail or

¾s D Nx1

¯
bts (12)

otherwise where Nx1 represents the axial load applied.
The interfacial shear stress in the connector region is provided in

Eq. (10) for the different loading con� gurations. The distribution
of normal stresses in the primary and secondary layers over the
connector domain can be also obtained from the displacements u p

and us by using Eq. (6). Consistent with the shear lag joint model
adopted, the state of stress is then a superpositionof these two stress
states.

A simple, noninteracting, mixed failure criterion, applicable in
the case of normal and shear loading along the � bers direction, is
adopted in the present work. This criterion can be expressed as

"11 · "u
f ; ¿12 · ¿max (13)

Table 2 Normalized equivalent
connector stiffness

Con� guration kc=k

P–P 0.417
P–S 0.449
S–S 0.741
T–P 0.547
T–S 0.829

where "u
f represents the ultimate strain of the � bers and ¿max a max-

imum longitudinal shear stress.
A similar criterion can be postulated for the case of viscoelastic

matrix by retaining the � rst of Eq. (13) and replacing the second
one with the criterion proposed by Laheru17 for viscoelastic matrix
composites loaded in longitudinal shear, resulting in

"11 · "u
f ; Nt=Nt0 D

¡
¿12

¯
¿ 0

12

¢¯
(14)

where Nt denotes time to failure under the shearing stress ¿12 , Nt0
denotes time to failureunder a shearingstress¿ 0

12, and ¯ is a material
constant.Reference16 containsthe derivationof the secondEq. (14)
based on Miner’s linear cumulative damage hypothesis and shows
the criterion to be in good agreement with experimental results for
the failure of a � berglass/rubber bonded system.

Based on Eq. (6) and Eqs. (11–14), the failure axial load for pri-
mary and secondary segments, denoted by Pp and Ps , respectively,
can be expressed as

Pp D E11btp"u
f ; Ps D E11bts"

u
f (15)

for both elastic and viscoelastic matrix response.

Determination of Connector Length
The connector failure mode is an interfacial debonding due to

shear stress loading. With all other model parameters � xed, the de-
sign goal becomes the determinationof connector length lc that pre-
vents connector failure. Whereas the response of elastic materials
depends on the instantaneous loading applied, the response of vis-
coelastic ones depends on the entire loading history. Consequently,
the two cases are to be treated separately in the sequel.

Elastic Matrix Material
The connector interfacial shear stress distributions, Eq. (10) for

the different loading con� gurations, shows that loading con� gura-
tion P–S, subject to axial force Pp , represents the critical condition
for connector design. Consequently, the connector length can be
determined from the inequality

­­­­¹12
2 exp[q.lc ¡ 2x1/=2]..f1 C exp[q.lc C 2x1/]gtp C [exp.qlc/ C exp.2qx1/]//ts]Pp

b[¡1 C exp.2qlc/]E11qtp ts.t p C ts/

­­­­· ¿max; x1 2
µ

¡
lc

2
;

lc

2

¶
(16)

Viscoelastic Matrix Material
Because the response in this case is dependent on the loading

history, as well as the failure sequence of individual links, which is
stochastic in nature, a general closed-form solution is intractable.
One could assume a conservative loading history given by the max-
imal load during the progressive failure sequence Pp applied over
a period that exceeds the expected response time. Considering the
applicationof such a load historyas a worst-casescenario,onecould
attempt to obtain a conservative value for the connector length by
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using the solutions for the elastic case in conjunction with the cor-
respondenceprinciple.

Response Modeling for Tailored Composite Member
The failure of the tailored composite member is characterizedby

a sequential, progressive failure of n primary segments, followed
by the failure of one secondary segment. The order of failure is
governed by the statistical distribution of failure loads among the
primary segments and the secondary ones, respectively. The fail-
ure sequence determines the load redistribution within the tailored
member during the (n C 1) responsestages. During each such stage,
each given connector is subject to one of the � ve loading con� gura-
tions, shown in Fig. 10, dependingon connector location and status
of adjacent primary segments.

The response of tailored composite members subject to a stroke-
controlled loading is modeled by using a chain-of-springsanalogy.
Three models, capturing the response of the tailored member to
varying degrees of accuracy, are developed.

Accurate-Connector Stiffness Model
This analyticalmodel accounts for the change in connector stiff-

ness due to failure sequence and load redistribution. Because the
failure sequence is stochastic, the model inherits this characteristic
as well.

De� ne theequivalentspringstiffnessesforprimaryandsecondary
segments by

kp D E11btp=l p; ks D E11bts =ls (17)

Let Pn represent the set of all permutations of the sequence
f1; 2; 3; : : : ; ng, with card (Pn/ D n!, and let ’ 2 Pn be a randomly
chosen member of this permutations set, interpreted as the failure
sequence of the n links. Let s be an n-dimensional Boolean vector,
the components of which are interpreted as current status of the n
links. Initially,

si D T; .8/i 2 1; n

where T represents the Boolean value True and is interpreted as
unfailed link state while F represents the Boolean value False and
is interpreted as failed link state.

Provided that at the end of every computationalstage i; 1 · i · n,
a link status update is performed by s j D F where j D ’i , the set
of equivalent stiffness of the tailored composite member can be
consecutivelycomputed by

K i D 1

,Á
n C 1X

p D 1

1
k p

c

C
nX

q D 1

1
kq

l

!

; 1 · i · .n C 1/ (18)

where

k p
c D

8
>>>>>><

>>>>>>:

kt p
c ..p D 1/ ^ :s1/ _ ..p D .n C 1// ^ :sn/

kt s
c ..p D 1/ ^ s1/ _ ..p D .n C 1// ^ sn/

k pp
c .2 · p · n/ ^ s p ¡ 1 ^ sp

k ps
c .2 · p · n/ ^ .s p ¡ 18sp/

kss
c .2 · p · n/ ^ :s p ¡ 1 ^ :sp

represents the equivalent stiffness of connector p and

kq
l D

»
kp sq

ks :sq

represents the equivalent segment stiffness of link q .
The load developed by the tailored member as a function of end

displacement ± can be expressed as

P.±/ D
n C 1X

i D 1

Pi .±/ (19)

where

Pi D

(
K i .± ¡ .i ¡ 1/.ls ¡ l p// ± 2

¡
±s

i ; ±u
i

¤
;

0; ± =2
¡
±s

i ; ±u
i

¤
;

1 · i · .n C 1/

(20)

±s
i D

»
0; i D 1

max
£
±u

i ¡ 1; .i ¡ 1/.ls ¡ l p/
¤
; 1 < i · .n C 1/ (21)

represents the end displacement at which the structure with i ¡ 1
primary failed links starts carrying load, whereas

±u
i D

»
.i ¡ 1/.ls ¡ l p/ C .Pp=K i /; i 6D .n C 1/

.i ¡ 1/.ls ¡ l p/ C .Ps=K i /; i D .n C 1/ (22)

represents the end displacement at which the i th failure occurs.
A nondimensionalform of load and tip displacement is given by

F D P=E11b.tp C ts/"
u
f (23)

» D ±
¯

L"u
f (24)

The quantities used as reference in the normalization process rep-
resent the load and tip displacement, respectively, of a conven-
tional composite member with identical overall length, total cross-
sectional area, and material properties.

The response of the model developed is governed by 10 param-
eters, divided into two groups: material property parameters and
geometric parameters. The � rst group consists of the longitudinal
axial modulus E11 , the longitudinalshear modulus¹12 , and the � ber
failure strain "u

f . The second group consists of the number of links
n, the length of the primary segments l p , the length of secondary
segments ls , the connector length lc , the thickness of the primary
layer tp , the thickness of the secondary layer ts , and the width b.

A base con� guration is de� ned and used to illustrate the re-
sponse predictions of the models. The parameter values de� ning
this con� guration are given in Table 1. The response of the model
is shown in Fig. 12 for the parameter values indicated and an as-
sumedfailuresequencede� nedby the randomlychosenpermutation
’ D f1; 10; 6; 7; 9; 8; 3; 4; 5; 2g. For comparison purposes, Fig. 12
includes the response of a conventional composite member with
the same length, total cross-sectionalarea, and material properties.
Figure 12 illustrates the sequence of 10 primary segment failures,
followed by the failure of a secondary segment. Also note that the
response approximates a yield-type behavior.

Averaged-Connector Stiffness Model
This model representsa simpli� ed versionof the � rst, obtainedby

assumingan averagedequivalentspring stiffnessfor the connectors.
Consequently, the model becomes insensitive to failure sequence
and becomes deterministic.

Based on the results in Table 1, an average value of 0.536 is as-
sumed for the normalized connector stiffness. The connector stiff-
ness can then be expressed by

kc D 0:536[E11b.tp C ts/=lc]

This constant value of connector stiffness simpli� es Eq. (18),
which reduces to

K i D
kpkskc

.n ¡ i C 1/kskc C .i ¡ 1/kpkc C .n C 1/kpks
(25)

With K i given by Eq. (25), Eqs. (19–22) are used to obtain the
model response, which is nondimensionalized by using Eqs. (24)
and (25). Out of the 10 controllingparameters, only 9 are explicitly
controllingthe presentmodel. The effectof theotherparameter,¹12,
is embedded in the constant used as an average value for the nor-
malizedconnectorstiffness.Algebraicmanipulationsreveal that the
nine remainingparameters can be recast into a set of � ve nondimen-
sional and four dimensional parameters. The � ve nondimensional
parameters control the shape of the nondimensional response. All
parameters control the scaling of the nondimensional response to
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Fig. 12 Accurate-connector stiffness model nondimensionalized response of tailored member, n = 10.

Fig. 13 Average-connector stiffness model nondimensionalizedresponse of tailored member, n = 10.

the physical domain. Three of the nondimensional parameters are
de� ned by

° D ts=tp; ¸ D ls =l p; ¯ D lc=l p (26)

and the remaining two are "u
f and n.

When the same basic con� guration tailored composite member
is considered,the responsepredictionof the presentmodel is shown
in Fig. 13.

Negligible-Connector Model
The simplest analyticalmodel for the tailoredcompositemember

that still capturesthe essentialelementsof the responsecanbe devel-
oped based on the simplifying assumption lc ¿ l p . This assumption
represents the limiting case of either large l p values, corresponding
to long members subdividedin few linksby short connectorsor very
small lc values, made possible by high ¹12 values.

Based on this assumption, the connector is reduced to a point
at which adjacent links connect and transfer load. The equivalent
spring stiffness of this model can be expressed as

K i D
k pks

.n ¡ i C 1/ks C .i ¡ 1/kp
(27)

As one other parameter, lc, ceases to in� uence the response,
its corresponding nondimensional counterpart, ¯ in Eq. (26), is
dropped, and the eight remaining parameters are recast into a set
of four nondimensionaland four dimensionalparameters as before.
Although all parameters control the scaling of the nondimensional
response to the physical domain, only the four nondimensionalpa-
rameters control the shape of the nondimensional response of the
model. Figure 14 shows the response predictions of this simpli� ed
model for the basic tailored composite con� guration considered.

Figure 12 shows that the development model captures the yield-
type behavior of the tailored composite member and provides its
characteristicprogressivefailure sequence.The approximationsas-
sociated with each connector-stiffness model are re� ected in the
predicted tip displacement of the tailored member. According to
the nondimensionlizedforce-displacementresponse in Figs. 12–14,
for the particular choice of tailoring parameters presented, the
negligible-connectormodel results in a tipdisplacementthat is about
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Fig. 14 Negligible-connector model nondimensionalized response of tailored member, n = 10.

six times that of the conventionalmember, whereas this value drops
to about three times for the averageand accurate-connectorstiffness
models. For this choice of tailoring parameters, all models indicate
a reduction of about 33% in maximum force. Comparison of areas
under the nondimensionlized force-displacementcurves shows for
these cases a 207, 111, and 96% increase relative to the conventional
member, for the negligible-, average-, and accurate-connectorstiff-
ness models, respectively.This increaseillustratesthegain in energy
dissipation achieved by the tailored composite member. However,
these values do not represent the maximal capabilitiesof the tailor-
ing conceptand only re� ect the responseof a tailoringcon� guration
used in the experimentalveri� cation phase and selectedhere for the
purpose of illustration of typical response.

Conclusions
A new concept for tailored one-dimensional tensile composite

members with sequential, progressive failure, and yield-type re-
sponse was presented. This tailored progression failure behavior
is achieved by using a � exible composite system made of high-
performanceelastic� bersembeddedin anelastomericmatrix.Three
analyticalmodels are developedfor the predictionof responseunder
stroke-controlloading, and the parameters controlling the response
are isolated.Resultscon� rm the yield-typeresponseachievedby the
tailored composite member, its sequential progressive failure, and
the associated increase in energy-dissipationmeasure compared to
a conventionalmember of identical length,cross-sectionalarea, and
material properties. The successful experimental validation of this
tailoring concept and comparison with the analyticallymodeled re-
sponse presented are the subject of a subsequent publication.
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